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The basic tools of Quantum Mechanics
2
Infinite square well H° = 5—m + V(%)

and Y°(x) ={f51n( a ) for0 <x <a withn= 1,2,3,.
0 for x<0 and x>a

V(x)={ Ofor0<x<a o _ n*m?h?

oforx<Oandx>a "  2ma?

Harmonic Oscillator H® = ”" 4222 = (apas +3) ho, () = (22 ) e Hy (e £ =

/m—;’x, En=(n+%)ha);n=0,1,2,...;x= /%(a++a_);p=i M2 (a, - a);

Raising and lowering operators: a v, = vn + 1,415 a_Pp = Vi,

Hydrogen Atom o _ _’ivz L 96 | Quantum numbers: n = 1,2,3, ..., £ =
2m 4re,r

0,1,..,n—1,-2<m<¢, lpn{,m(r, 6,9) = Const, ye ma (%) L,ijg,ll( )Y{; 6, b):

_r 2 _
Pl00(r,0,9) = m e™% Phoo(r, 6, 9) = Vax (za)’ 2 (1-r/Qa))e™/?
Energy eigenvalues: E, = —13.6 eV /n?,
Angular Momentum: L2|£ m,) = (£ + 1)h?|€ m,), L,|€ m,) = myh|€ m,);
Spin Angular Momentum: S?|s m) = s(s + 1)h?|s mg), S,|s mg) = mgh|s mg);
Total Spin Angular Momentum: ] =L + S , J2|j m;) = j(j + DA% my), J,|j m;) = m;hlj my).

Code letters: “s” means £ = 0, “p” means £ = 1, “d” means £ = 2, “f” means £ = 3, etc.

Term notation: 2S-HL

-

Spin-12  §= (Jx,ay,az) Se=2(0 0)S =
Spin Singlet: 0 0)= q >‘T> ‘T>‘¢>)

Spin Trplet: 1 1y~[1f0)s 1 o) = (U1 +| T4 1 -0=H))
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O )=t ) mees

Perturbation theory H'y =E)y), H=H°+ H', Hy, =E,y, ;
W, =W+ Ay + Pyl . E =E)+AE + VE} +
First order correction to energy: E! = J'y/,? H'y? d’r

. o v vy, dr
First order correction to elgenStateS: l//rll = Z EO EO
(#n n

0
Vo

b

UWO* H'y" d3r2
Second order change to energy: E’ = Z ‘ - ”0
k#n En - Ek
Relativistic kinetic energy correction: = — p: .
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Fine structure constant: o = = ;
4re,he 137.036
Degenerate perturbation theory: Wa = Eld Wi; = (Wp|H'|[7)
Spin-orbit interaction: H  =—zi e B: = —% S for the electron; o7 — l(JZ —12-8?);
2
Spin-orbit energy correction: E', =
nt,s,j
" 2000+ %)(z +1)
: TS y o |E &’ 3 n
Fine structure splitting: Ap _ piRelaiviy | pispinomic _ [ 7" 2
n n 2
n 4 .1
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Transforming between coupled and un-coupled representations — Clebsch-Gordan

. _ {0 s
coefﬁcients:‘]mj>_ Zcm[ m, m |€mé>|s ms>;

my+mg=m;
Weak field Zeeman effect (Bext K Bl-nt)' Hrotar = He + s = —% (Z + 2§); H} =
—Hlrotar * §ext; E} = — By (] +5); E7 = ugg;Bexemy;  Up = %Q
Land¢ g-factor g; = 1 + JUH) 2{)] .(éill);s(ﬁl) ;

Strong field Zeeman effect (Bgyt > Bint): E}‘strong = imﬁext (L +28) =
HpBexe(me + 2my); £}, = PR (5 — [Erooman )

Hyperfine interaction (electron magnetic moment interacts with proton magnetic

£ _ Heget R { 1/4 TRIPLET

n,0,0 —

=—ji,®B

H
moment): dip 2

3m, Jm, m’ 3/4 SINGLET

Many Identical Particles with Overlapping Wavefunctions:
Exchange operator: P¥(1,2) = W(2,1) P? =1 Symmetric and anti-symmetric

wavefunctions:
1 1
Yo1,2)=— 1 D—w (2 D) ¥2(12)=— 1 2 2 1
4(L2) ﬁ(l//a()l//b( )—w,Qw, () P(1,2) ﬁ(wa()wb( )+, (2w, (1)

¥(1,2) = +¥(2,1)
Bosons and Fermions:

Exchange Correlations built into wavefunctions:
((rr = 22)%)1 = (x?)q + (%) — 200} (x)p F 2 {x)ap|? With (x)ap = [ x 15 (x) 1y (x)dx

Feynman-Hellmann theorem — (l/J | |1/J )



Time-Dependent Perturbation Theory: HY = iha—lp YT, t) = P(P)e EL/M
Ca = =3 Hape ' 0%cy, & = == Hyqet@0tey, Hay = (WalH' W), 0 = (Ep — Eg) /R,

Two-level system: ¢, (0) = 1, ¢, (0) = 0, ¢, (t) = —%fot H; () eiwot' dt’.

. — 1 GEC-EY)/h [ pyry— - . . .
a, = 7e By =Bl '[ y,; (OH' (X, )y, (xX)d *x with |an]-|2 the transition probability from
state n to j.

Sinusoidal perturbation: H'(#,t) = V(#) cos wt; Py, (t) = |cp(2)]? =

[Vap | sin®[(wo-w)t/2]

h2 (wo—w)? with Vg, = <L|Jalv(?)|tpb);

Spontaneous emission rate: A = °|‘@| ~with [@| = q(Up |7|Wa);
_7’Lla)3 e’ q 2+y 2+Z z)_
C 380h2 ab ab ab s
Electrlc dipole selection rules: No transitions occur unless Am = +1 or 0 and A? = +1;
if m"=m, then (n'£'m'|x|nfm) = (n'€'m'|y|nfm) = 0

ifm"=m=1, then(n'¢'m'|x|nfm)= ti(n'¢'m'|y|nfm)
and (n'¢'m’|z|nfm) = 0

Planck blackbody radiation: p(w) = %ZTC) Absorption probability due to incoherent

7Z-e p(a)ab) Qx
3g,h? U

light: R, , vl )= (@M

+yab

Fermi’s golden rule for transition from a discrete initial state ‘i’ to a final state in the

277.' Hlfllz

continuum: R, s = g (Ef), where g(Er) is the density of states at the final

energy.

WKB semi-classical approximation:

D i I 1 1 .
w(x)= mexf{i %J.pclass (x )a’x} ;

pclass = zm(E - V(x)) >

1 a
For infinite square well potentials: %J.\/2m(En — V(x))dx =rn,withn=1,23,..;
0

For finite wells with classical turning points: f;l J2m(E, —V(x)) = mh (n — %), with
1

n=1,2,3,... and x4, x, the classical turning points;



For  tunneling:

P class (x')|dx}; Toce?, where

RN T
- )

1§ NS
Y= %! pclass (x )|dx 2
3/2
Fowler-Nordheim tunneling: T = exp _E@i_s];

. . 27
Lifetime: T = 71e27’

Variational Method:
Use a guess ground state wavefunction, with embedded parameters (44, 14, ...) to derive
an upper limit on the ground state energy Es:

Egs < <\PGS,GueSS H‘ lI’GS,Guess>; a<lPGS’Gum (17,/11,/12,/13,...)62 s gues (F’AIJZJS’W» =

1

Quantum Scattering Theory:
Ncare(into dQ around 6, ) = Nincntargets—g (6,9)dQ, where Z—;(G, @) is the
differential scattering cross section (DSCS).

Total scattering cross section: o = ffz—; (6, 9)dQ, dQ = sin6do do,
. . . do b

Classical scattering theory yields: —= = ——
qQ/4meg )2
4Esin2(6/2)) °

db .
E" b =impact parameter,

. .d
Rutherford scattering: ﬁ = (

, ikr

Quantum scattering for the total wavefunction: ¥(r,0) = A {e”‘z + f(68) 37},
do _ 2
“ IO
Partial wave analysis: Y(r,0) = A{e”‘z +kY,it(2¢+1)a, hf,l)(kr) P,(cos 0)},
WD (kr) = jy(kr) + ing(kr) and hP (kr) = j,(kr) — ing (ker),

ikr
hf,l)(kr > 1) - eT an outgoing scattered wave,
o= [[D(6)dQ = [[If(O)I* dQ = 4m T5Zo(2¢ + 1) |a,l?,
W(r,0) = A{ Bpi® 20+ 1) [joCkr) + i k ap h§P (kr)| Po(cos 0)}.

. . 1 ; 1 s, . AT oo
Scattering phase shifts: a, = S (e‘z‘sf’ - 1) = ;e“sf’ sind,, o= k—f Y28 +
1) sin?(8,) .

Born series: The TISE can be re-written as: (V2 + k?)y = Q, with E = th
2m

w /Y

The Green’s function satisfies (V2 +k?)G = §3(#), so that (@) = [G({F —

ikr

) Q@) &5 , with G(7) = ———.

Lippmann-Schwinger equation for the total wavefunction:

ZkZ

,and Q =



Y(@) = Po(F) — Znhzf P V(ro) Y1) d3r; , where Po(#) is a free-particle

solution.
Scattering amplitude function in the |#| > |75| approximation:

f() =- 27_[th fe_lk oV (70) Y(75) dgro ,

First Born approximation: f(0) = —m fe‘(k"%)'r_o) V(ry) d®1;

Low energy limit (deBroglie wavelength much larger than the scale of the potential):
fLow—Energy(H) D f V(o) d? 7o >

Spherically-symmetric potential:

—

2m oo . . 37
f:s‘pherically Symmetric(e) =~ Tk fO To V(TO) sin(x rO) dry, with K=k'— k, and k =

2k sin (g)

Born series expansion y = Yo+ [ gV o+ [[gV gV o+ [[fgV gV gV ¥, +

Free-Electron Fermi Gas: 3D infinite square well (L, X L, X L, = V) with periodic

.. 1 . . . . -
(Born-von Karmen) boundary conditions: (x,y,z)~ 7 ethxX glkyY olkzZ with k =

Zn("x e’ ”Z) n, =0,+1,42,+3,.

Ly’ Ly’ L
Momentum p = —ihV has eigenvalue hk = h(kx, ky, k ) momentum space, or k-space
3
Each state takes up a volume of Zx L 2E = @m” —— in k-space.
Ly Ly Ly v

Fermi wavevector kp = (3m%p)'/3, where p = Nq/V is the number density of electrons,
h2kg _ ﬁ_z(gﬂzp)Z/s_

2m
hV1 2 Urotar _ h* 232/3 5/3
k3, degeneracy pressure P = = 2Total — —_ (3772)2/355/3

Tz 5 Kr» deg yp — —(3m%)*p

Density of states (DOS) in 3D: The number of single-particle states available between
3/2
energy E and E + dE, D(E)dE = pwecy (zh_r:l) VE dE.

Fermi energy Er =

Total energy Urprar =

Cooper pairing problem: Two electrons added outside the filled Fermi sphere,

2 2
{—h—vz ;’ v? +V(771,F2)}‘P(1,2) = E¥(2), ¥(12)= Y g, coslk +7)[00), TISE

2m kokp

becomes (E-2¢,)g, = ng e with g, =h’k*/2m and

Vie = jd3r V(r) explz(k —k' )o rJ.

—V whenE, <¢g <E,+hw, ,wherelV >0

With the attractive interaction V. :{ , one

Owheneg, > E, +ho,
finds a bound state: E = 2E, —2hw,e """ where N(Eg) is the DOS at Ej.

Electrons in a Periodic Potential: The Kronig-Penney Model: Periodic potential of

finite square wells of width b, depth V, and periodicity a such that V(x + a) = V(x).



Bloch’s theorem: ¥ (x) = e'?*u(x), where q (crystal momentum) is a real number and
u(x) has the same periodicity as the potential.

Translation operator: T(a)y(x) = Y (x — a). with T(a) = e~@?/"_ For any operator Q:
T(@'Q® PT(a) = QR + a,p).

For the Kronig-Penney Hamiltonian: H (£, p)y(x) = E (x) and T(a)p(x) = 1 ¢ (x)
e~ lhY(x).

In the deep and narrow well approximation:

—B?ba sin(aa)

+ cos(aa) = cos(qa) with a =

2mE

R L= ’w, and g the crystal momentum. The dispersion relation E = E(q)

shows bands and band gaps.

Superfluid “He and Bose-Einstein condensation: Identical Bosons in a box solved with
standing wave boundary conditions: ¥ (x,y,z) = A sin (nx: x) sin (ny : y) sin (nZ: Z)
withn, =1,2,3, .., etc.

Energy level occupation in equilibrium at temperature T with chemical potential u (result
&s

e(E., )/ kgT 1

from quantum statistical mechanics): n, = , with s = (ny,ny,n,).

Enforcing the  fixed number of  particles (N)  constraint yields
2m o pulksT

Nznl(T)+27rV(h—2j (kBT)“r@fm/kBT)with fulky )=y S

p=1

2/3

Crisis temperature for Bose-Einstein condensation: T NIV

3/2
27 2me] r(3j 2,612
h 2

Macroscopic quantum wavefunction (7) =./p,(¥)e’”” and quantized circulation

K= jﬂv eal = , where n=0+142,...
S m



